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Gallai Ramsey number for double stars ∗
Gyula O.H. Katona †, Colton Magnant‡§, Yaping Mao ¶§, Zhao Wang‖
Abstract
Given a graph G and a positive integer k, the Gallai-Ramsey number is defined to be
the minimum number of vertices n such that any k-edge coloring of Kn contains either a
rainbow (all different colored) copy of G or a monochromatic copy of G. In this paper, we
obtain general upper and lower bounds on the Gallai-Ramsey numbers for double stars
S(n,m), where S(n,m) is the graph obtained from the union of two stars K1,n and K1,m
by adding an edge between their centers. We also provide the sharp result in some cases.
1 Introduction
In this work, we consider only colorings of the edges of graphs. A coloring of a graph G is
called rainbow if no two edges in G have the same color.
Edge colorings of complete graphs that contain no rainbow triangle have very interesting
and somewhat surprising structure. In 1967, Gallai [6] examined this structure under the
guise of transitive orientations (a translation of this paper is available in [7]). In honor of
Gallai’s result (Theorem 1.1), such colorings are are called Gallai-colorings. The result was
restated in [9] in the terminology of graphs and it can also be traced back to [1]. For the
following statement, a partition is called trivial if it has only one part.
Theorem 1.1 ([6, 9, 1]). In any coloring of a complete graph containing no rainbow triangle,
there exists a nontrivial partition of the vertices (called a Gallai-partition) such that there are
at most two colors on the edges between the parts and only one color on the edges between
each pair of parts.
The induced subgraph of a Gallai colored complete graph constructed by selecting a single
vertex from each part of a Gallai partition is called its reduced graph. By Theorem 1.1, the
reduced graph is a 2-colored complete graph.
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Given two graphs G and H, let R(G,H) denote the 2-color Ramsey number for finding
a monochromatic G or H, that is, the minimum number of vertices n needed so that every
red-blue coloring of Kn contains either a red copy of G or a blue copy of H. As an extension,
let Rk(H) denote the k-color Ramsey number for finding a monochromatic copy of H, that is,
the minimum number of vertices n so that every k-coloring of Kn contains a monochromatic
copy of H. Although the reduced graph of a Gallai partition uses only two colors, the original
Gallai-colored complete graph could certainly use more colors. With this in mind, we consider
the following generalization of the Ramsey numbers. Given two graphs G and H, the k-colored
Gallai-Ramsey number grk(G : H) is defined to be the minimum integer m such that every
k-coloring of the complete graph on m vertices contains either a rainbow copy of G or a
monochromatic copy of H. With the additional restriction of forbidding the rainbow copy of
G, it is clear that grk(G : H) ≤ Rk(H) for any graph G.
Although the concept of forbidding a rainbow triangle and looking for monochromatic
subgraphs can be traced back to [9] and beyond, the study of Gallai-Ramsey numbers in their
current form comes from [5], where the authors used Theorem 1.1 to produce sharp Gallai-
Ramsey numbers for several small graphs along with some general bounds for paths and
cycles. The subject has also been expanded through several other publications including but
not limited to [4, 10]. In particular, in [10], the following general behavior of Gallai-Ramsey
numbers was established.
Theorem 1.2 ([10]). Let H be a fixed graph with no isolated vertices. If H is bipartite and not
a star, then grk(K3 : H) is linear in k. If H is not bipartite, then grk(K3 : H) is exponential
in k.
We refer the interested reader to [12] for a dynamic survey of small Ramsey numbers and
[5] for a dynamic survey of rainbow generalizations of Ramsey theory, including topics like
Gallai-Ramsey numbers.
The double star S(n,m) for integers n ≥ m ≥ 0 is the graph obtained from the union of
two stars K1,n and K1,m by adding the edge between their centers. In this work, we prove
bounds on the Gallai-Ramsey number of all double stars, along with sharp results for several
small double stars.
One of the tools we will use is the following by Grossman et al. [8], who obtained the
exact value of classical Ramsey number of double stars in most cases.
Theorem 1.3 ([8]).
R(S(n,m), S(n,m)) =


max{2n + 1, n+ 2m+ 2} if n is odd and m ≤ 2
max{2n + 2, n+ 2m+ 2} if n is even or m ≥ 3,
and n ≤ √2m or n ≥ 3m.
This result was recently extended by Norin et al. [11] in the following result.
Theorem 1.4 ([11]). For positive integers m and n with m ≤ n ≤ 1.699(m + 1),
R(S(n,m), S(n,m)) ≤ n+ 2m+ 2.
In this paper, we first obtain the exact value of the Gallai Ramsey number of double stars
under an additional assumption that n ≥ 6m+ 7.
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Theorem 1.5. Let n,m, k be three integers with m ≥ 1, k ≥ 3 and n ≥ 6m+ 7. Then
grk(K3 : S(n,m)) =
{
5 · n2 +m(k − 3) + 1 if n is even,
5 · n−12 +m(k − 3) + 2 if n is odd.
Next, we obtain the upper and lower bounds for Gallai Ramsey number of all double stars.
Theorem 1.6. Let n,m, k be three integers with 1 ≤ m ≤ n ≤ 6m+ 6, k ≥ 3. Then
grk(K3 : S(n,m)) ≤
{
max{5 · n+22 , 2n + 6m+ 7}+m(k − 3) + 1 if n is even,
max{5 · n+12 , 2n + 6m+ 7}+m(k − 3) + 2 if n is odd.
and
grk(K3 : S(n,m)) ≥
{
max{5 · n2 , n+ 3m+ 1}+m(k − 3) + 1 if n is even,
max{5 · n−12 , n+ 3m+ 1} +m(k − 3) + 2 if n is odd.
The outline of the paper is as follows. Section 2 contains the exact value of Gallai-Ramsey
number for S(n,m) under the condition n ≥ 6m+5. We provide the upper and lower bounds
of Gallai-Ramsey number for all double stars in Section 3.
2 Proof of Theorem 1.5
We first give the lower bound on the Gallai-Ramsey number for S(n,m).
Lemma 2.1. Let n,m be two integers with n ≥ m. Then
gr3(K3 : S(n,m)) ≥
{
5 · n2 + 1 if n is even,
5 · n−12 + 2 if n is odd.
Proof. We prove this result by inductively constructing a coloring of Kℓ where
ℓ =
{
5 · n2 if n is even,
5 · n−12 + 1 if n is odd.
which contains no rainbow triangle and no monochromatic copy of S(n,m). Suppose this
coloring uses colors red, blue and green. For even n, we let G1 be a red complete graph on
n
2 vertices. We construct G3 by making five copies of G1 and inserting edges of blue and
green between the copies to form a blow-up of the unique 2-colored K5 which contains no
monochromatic triangle.
For odd n, we let G1 be a red complete graph on
n−1
2 vertices, and let G
′
1 be a red complete
graph on n+12 vertices. We construct G3 by making four copies of G1 and one copy of G
′
1
and inserting edges of blue and green between the copies to form a blow-up of the unique
2-colored K5 which contains no monochromatic triangle.
This coloring clearly contains no rainbow triangle and, since there is no vertex of degree at
least n+1, there can be no monochromatic copy of S(n,m), completing the construction.
Next, we give the upper bound on the Gallai-Ramsey number for S(n,m) with 3 colors.
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Proposition 2.1. Let n,m be two integers with m ≥ 1 and n ≥ 6m+ 7. For the double star
S(n,m), we have
gr3(K3 : S(n,m)) =
{
5 · n2 + 1 if n is even,
5 · n−12 + 2 if n is odd.
Proof. Let G be a coloring of Kℓ where
ℓ =
{
5 · n2 + 1 if k is even,
5 · n−12 + 2 if k is odd.
Since G is a Gallai coloring, it follows from Theorem 1.1 there is a Gallai partition of
V (G). Suppose red and blue are the two colors appearing in the Gallai partition and let
green be the other color. Let H1,H2, . . . ,Ht be the parts in this partition and choose such a
partition where t is as small as possible. Without loss of generality, suppose these parts are
labeled so that |H1| ≥ |H2| ≥ · · · ≥ |Ht|.
Claim 1. For each part Hi of Kℓ, |Hi| ≥ ⌊n2 ⌋ or |Hi| ≤ m.
Proof. Suppose that there exists one part, say Hj, and m+1 ≤ |Hj | ≤ ⌊n2 ⌋− 1. Let A be the
set of parts with red edges to Hj , and B be the set of parts with blue edges to Hj. Without
loss of generality, |A| ≥ |B|. Since |A|+ |B| ≥ ℓ− (⌊n2 ⌋ − 1) > 2n, it follows that one of these
sets has order at least n+ 1, say |A| ≥ n+ 1. Then A∪Hj contains a red copy of Kn+1,m+1,
which contains a red copy of S(n,m), a contradiction.
Let r be the number of “large” parts Hi of the Gallai partition with |Hi| ≥ n−12 , so
|Hr| ≥ n−12 but Hr+1 < n−12 . Otherwise call the parts “small”. We break the proof into cases
based on the values of t and r.
Case 1. 2 ≤ t ≤ 3.
By the minimality of t, we may assume t = 2, say with corresponding parts H1 and H2.
Suppose all edges betweenH1 andH2 are blue. If |H2| ≥ m+1, then to avoid a monochromatic
S(n,m), we have |H1| ≤ n and |H2| ≤ n, and hence |G| = |H1| + |H2| < ℓ, a contradiction.
Thus, we may assume |H2| ≤ m.
Claim 2. For any vertex x of H1, there are at most m incident blue edges in G.
Proof. Assume, to the contrary, that there exists a vertex u in H1 with at least m+1 incident
blue edges. Choose any vertex w ∈ H2 and u1, u2, . . . , um ∈ N blueG (u)\{w} and v1, v2, . . . , vn ∈
H1 −N blueG (u). Then the blue edges in {uui | 1 ≤ i ≤ m} ∪ {wvj | 1 ≤ j ≤ n} ∪ {uw} form a
blue copy of S(n,m), a contradiction.
From Claim 2, for any vertex v of H1, the total number of green or red edges incident to
v in H1 is at least
5 · n− 1
2
+ 2−m− 1 ≥ 2(n +m+ 1),
since n ≥ 6m + 7. Choose v ∈ H1. Without loss of generality, we assume that the number
of edges incident to v in green is more than the number of edges incident to v in red. Then
there are at least n+m+ 1 green edges incident with v, and call the corresponding vertices
v1, v2, . . . , vn+m+1.
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Claim 3. For any vi with 1 ≤ i ≤ n+m+ 1, the number of green edges incident to vi in G
is at most m.
Proof. Assume, to the contrary, that there exists a vertex vj with at least m + 1 incident
green edges. Choose X ⊆ NgreenG (vj) \ {v} with |X| = m. Then the edges from vj to X and
the edge vvj and the edges from v to {vvi | 1 ≤ i ≤ n+m+1} −X − vj form a green copy of
S(n,m), a contradiction.
From Claims 2 and 3, for any vi with 1 ≤ i ≤ n+m+1, the number of red edges incident
to vi within H1 is at least 2n. Since v has at least n+m+1 incident green edges, there exists
a red edge within G[NgreenG (v)]. We choose two vertices, say vi, vj , such that the edge vivj is
red. Then the red edges incident to vi, vj form a red copy of S(n,m), a contradiction.
Case 2. t ≥ 4 and r ≥ 3.
Claim 4. Any choice of 3 large parts in H = {H1, . . . ,Hr} do not form a monochromatic
triangle in the reduced graph.
Proof. Assume, to the contrary, that there exist 3 parts in H = {H1, . . . ,Hr} that form
a monochromatic triangle in the reduced graph, say red triangle H1H2H3. To avoid a 2-
partition in blue (thereby contradicting the minimality of t), there exists at least one red edge
from
⋃3
i=1Hi to
⋃t
i=4Hi, that is, there exists a vertex in
⋃t
i=4Hi, say v, and a part H1 or H2
or H3, say H1, such that all edges from v to H1 are red.
First suppose n is even. Then we choose a vertex u ∈ H1. Then m of the edges from v
to H1 − u, the edge uv, and n of the edges from u to H2 ∪H3 form a red copy of S(n,m), a
contradiction.
Next suppose n is odd. Suppose further that there exist two vertices in x, y ∈ ⋃ti=4Hi
and a part in {H1,H2,H3}, say H1, such that the edges from {x, y} to H1 are red. Then we
choose a vertex u ∈ H1. Then n of the edges from u to H2 ∪H3 ∪ {y}, m of the edges from x
to H1 \ {u}, and the edge from u to x form a red copy of S(n,m), a contradiction.
We suppose now that for each part Hi (for i with 1 ≤ i ≤ 3), there is at most one vertex
xi in
⋃t
i=4Hi, with red edges to Hi. We claim that |Hi| ≤ n+12 for i = 1, 2, 3. Assume, to
the contrary, that there exists a part, say H1, such that |H1| ≥ n+32 . Then we arbitrarily
choose vertices u ∈ H1 and v ∈ H2. Then the edges from u to H2 \ {v}, the edges from v to
(H1\{u})∪H3 form a red copy of S(n,m), a contradiction. This means that
∑3
i=1 |Hi| ≤ 3n+32 ,
and so
∑t
i=4 |Hi| − 3 ≥ 5(n−1)2 − 3n+32 ≥ m + 4 − 3 = m + 1. Then there is a blue copy of
Kn+1,m+1 on edges between
⋃t
i=4Hi and
⋃3
i=1Hi which contains a blue copy of S(n,m), a
contradiction.
From Claim 4, any choice of 3 parts in H = {H1, . . . ,Hr} form a monochromatic P3 in
the reduced graph. Without loss of generality (ignoring previous assumptions on the relative
sizes between H1, H2, and H3), let P3 = H1H2H3 be red.
Claim 5. n− 1 ≤ |H1|+ |H3| ≤ n and |H2| ≤ n.
Proof. If either |H1| + |H3| ≥ n + 1 or |H2| ≥ n + 1, then the subgraph induced on the red
edges from H2 to H1 ∪ H3 contains a red copy of Km+1,n+1, which contains a red copy of
S(n,m), a contradiction.
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From Claim 5, we have
∑t
i=4 |Hi| ≥ ℓ − 2n ≥ ⌊n2 ⌋. Furthermore, we have the following
claim.
Claim 6. ⌊n2 ⌋ ≤
∑t
i=4 |Hi| ≤ n+ 1.
Proof. Assume, to the contrary, that
∑t
i=4 |Hi| ≥ n+ 2. To avoid a blue copy of Kn+1,m+1,
there are at most n vertices in
⋃t
i=4Hi with blue edges toH2. Then there are at least 2 vertices
say v1, v2 in
⋃t
i=4Hi with red edges to H2. Since the edges from H2 to H1 ∪ H3 ∪ {v1, v2}
are all red, this contains a red copy of Km+1,n+1, which contains a red copy of S(n,m), a
contradiction.
From the proof of Claim 6, there is at most one vertex in
⋃t
i=4Hi with red edges to H2,
and hence there are at least ⌊n2 ⌋ − 1 vertices in
⋃t
i=4Hi with blue edges to H2.
Claim 7. |H1|+ |H2| ≤ n and |H2|+ |H3| ≤ n.
Proof. By symmetry, we only prove |H1| + |H2| ≤ n. Assume, to the contrary, that |H1| +
|H2| ≥ n + 1. Let A be the set of parts (other than H1 and H3) with red edges to H2 and
B be the set of parts with blue edges to H2. Since there is at most one vertex in
⋃t
i=4Hi
with red edges to H2, it follows that |A| ≤ 1, and hence |B| ≥ ⌊n2 ⌋ − 1. In order to avoid
a blue copy of S(n,m), the edges from B to H1 must all be red, and hence |B| + |H2| ≤ n
(by Claim 5). Then
∑t
i=1 |Hi| = |H1|+ |H2|+ |H3|+ |A|+ |B| ≤ 2n+ |A| ≤ 2n+ 1 < |G|, a
contradiction.
Suppose that n is even. From Claims 5 and 7, |H1| + |H2| + |H3| ≤ 3n2 . Recall that for
each i with i = 1, 2, 3, we have |Hi| ≥ n2 . This means that |H1| = |H2| = |H3| = n2 , and hence∑n
i=4 |Hi| = n+ 1. Suppose that there is a vertex v1 in
⋃n
i=4Hi with red edges to H2. Since
the edges from H2 to H1 ∪H3 ∪ {v1} are all red, this contains a red copy of Km+1,n+1, which
contains a red copy of S(n,m), a contradiction. This means that all edges from
⋃n
i=4Hi to H2
are blue. Since |H2| = n2 ≥ m+ 1 and
∑n
i=4 |Hi| = n+ 1, it follows that there is a blue copy
of Km+1,n+1 between H2 and
⋃n
i=4Hi and therefore a blue copy of S(n,m), a contradiction.
Thus, assume that n is odd. From Claims 5 and 7, |H1|+ |H2|+ |H3| ≤ 3n−12 . Recall that
for each i with i = 1, 2, 3, we have |Hi| ≥ n−12 . Then either |H1| = |H2| = |H3| = n−12 or
|H1| = n+12 and |H2| = |H3| = n−12 .
First suppose |H1| = |H2| = |H3| = n−12 , then
∑n
i=4 |Hi| = n+ 1. To avoid a red copy of
S(n,m), the number of vertices in
⋃n
i=4Hi with red edges to H2 is at most 1. On the other
hand, to avoid a blue copy of Km+1,n+1, the number of vertices in
⋃n
i=4Hi with red edges to
to H2 is at least (and therefore exactly) 1. Let v be this vertex (note that v is in a part of
order 1), say with v ∈ Ht, and let u ∈ H2. To avoid a red copy of S(n,m), all edges from v
to either H1 or H3 must be blue. Without loss of generality, we suppose that the edges from
v to H1 are blue.
Since v has only red or blue edges, v has at least n +m + 1 edges in either red or blue.
If v has at least n+m+ 1 incident red edges, then let u be an arbitrary vertex in H2. Then
the red edges from u to m vertices of H1, the edge from u to v, and n remaining red edges
incident to v form a red copy of S(n,m), a contradiction. Otherwise suppose v has at least
n +m + 1 incident blue edges and let u be an arbitrary vertex in H1. Then the blue edges
from u to m vertices of H3, the edge from u to v, and n remaining blue edges incident to v
form a blue copy of S(n,m), a contradiction.
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Thus, suppose |H1| = n+12 and |H2| = |H3| = n−12 . Then this means that
∑t
i=4 |Hi| = n.
Suppose first that the larger set H1 is in the middle of the red path of the reduced graph,
that is, P3 = H2H1H3.
Claim 8. All edges from H1 to
⋃n
i=4Hi are blue.
Proof. Assume, to the contrary, that there exists a vertex v with all red edges from v to H1.
As before, v must be in a part of order 1. Also again the edges from v to at least one of H2
or H3 are all blue. Without loss of generality, we suppose that the edges from v to H2 are
blue. As above, v has at least n +m+ 1 edges in either red or blue. If these edges are red,
then choosing an arbitrary vertex u ∈ H1, the red edges from u to m vertices of H2, the edge
uv, and n remaining red edges incident to v form a red copy of S(n,m). Otherwise if these
edges are blue, then choosing an arbitrary vertex u ∈ H2, the blue edges from u to m vertices
of H3, the edge uv, and n remaining blue edges incident to v form a blue copy of S(n,m), a
contradiction.
From Claim 8, the edges from
⋃t
i=4Hi to H1 are blue. Let A be the set of parts in
⋃t
i=4Hi
with red edges to H2 and B be the set of parts in
⋃t
i=4Hi with blue edges to H2. To avoid
a red copy of S(n,m) centered at a pair of vertices in H2 and H1, we must have |A| ≤ n−12
since otherwise we could find a red copy of S(n,m) using m neighbors in H3 of a vertex in H1
and n neighbors in H1 ∪A of a vertex in H2. Hence we have |B| ≥ n+12 . To avoid a blue copy
of S(n,m) (centered at vertices in B and H2), the edges from B to H3 must be red. Then m
neighbors in H2 of a vertex in H1 along with n neighbors in B ∪H1 of a vertex in H3 form a
red copy of S(n,m), a contradiction.
Finally suppose the larger set is at one end of the red path in the reduced graph, that is,
P3 = H1H2H3. Recall that |H1| = n+12 , |H2| = |H3| = n−12 , and
∑t
i=4 |Hi| = n. To avoid a
red copy of S(n,m) centered at vertices in H1 and H2, the edges from
⋃t
i=4Hi to H2 must
be blue. Let A be the set of parts in
⋃t
i=4Hi with red edges to H3 and B be the set of parts
in
⋃t
i=4Hi with blue edges to H3. To avoid a red copy of S(n,m), we again have |A| ≤ n+12
and to avoid a blue copy of S(n,m), we have |B| ≤ n−12 , and hence |A| = n+12 and |B| = n−12 .
To avoid a blue copy of S(n,m) centered at vertices in H1 and B, the edges from B to H1
are red. This structire implies the following claim.
Claim 9. For each vertex x ∈ B, there are exactly one blue edge from x to A.
Proof. Assume, to the contrary, that there exists a vertex x ∈ B such that the edges from x
to A are red or there are two blue edges from x to A. In the former case, we can find a red
copy of S(n,m) centered at vertices in H1 and B, a contradiction. In the latter case, we can
find a blue copy of S(n,m) centered at vertices in H3 and B, a contradiction.
By Claim 9, we may choose a blue edge uv such that u ∈ A and v ∈ B. Since v has exactly
one blue edge to A, this means that u is the only vertex in its part, say u ∈ Ht with Ht = {u}.
Furthermore, the edges from u to either H1 or H3 must be red to avoid making a blue copy
of S(n,m). Then, as before, u has at least n+m+ 1 incident edges in either red or blue. If
the number of red edges incident to u is at least n +m + 1, then we can find a red copy of
S(n,m) centered at v and a vertex v in H1 or H3 (with a red edge to u), a contradiction. If
the number of blue edges incident to u is at least n+m+ 1, then we can find a blue copy of
S(n,m) centered at v and a vertex v in H2, a contradiction.
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Case 3. t ≥ 4 and r = 0.
Since all parts are small, each has order at most m. Let A be the set of parts with blue
edges to H1 and B be the set of parts with red edges to H1. Without loss of generality,
suppose that |A| ≥ |B|. Since |A|+ |B| ≥ 2n+ 2m+ 2, we assume that |A| ≥ n+m+ 1. In
order to avoid a blue copy of S(n,m), there exists two parts, say Hi and Hj within A such
that the edges from Hi to Hj are red. Choose u ∈ Hi and v ∈ Hj. Then there are at most m
blue edges incident to u within A∪B, and there are at most m blue edges incident to v within
A∪B. Furthermore, there are at most m− 1 green edges incident to each of u and v (within
the parts). This means that there are at least 2n red edges incident to u, and there are at
least 2n red edges incident to v. These red edges allow us to create a red copy of S(n,m), a
contradiction.
Case 4. t ≥ 4 and r = 1.
Let A be the set of parts with blue edges to H1 and B be the set of parts with red edges
to H1. If |H1| ≥ n+1, then to avoid a red or blue copy of Km+1,n+1 (and therefore S(n,m)),
we must have |A| ≤ m and |B| ≤ m, and hence |H1| ≥ 2n+m. Note that A and B are both
non-empty since otherwise there would be a 2-partition, contradicting the minimality of t. In
this case, we get the following easy claim.
Claim 10. For each vertex x ∈ H1, the number of red (or respectively blue) edges incident to
x is at most m.
Proof. Assume, to the contrary, that there exists a vertex v ∈ H1 with at least m+1 incident
red edges. Choose an arbitrary vertex u ∈ A. Since uv is red, it follows that the edge uv, m
of the other red edges incident to v, and n of the other red edges from u to H1 form a red
copy of S(n,m), a contradiction.
From Claim 10, for each vertex x ∈ H1, the number of blue or red edges incident to x is
at most m. Then the number of green edges incident to x is at least 2n −m ≥ n +m + 1.
Then any green edge xy within H1 is the center of a green copy of S(n,m), a contradiction.
Thus, we may assume that |H1| ≤ n. Choose another part from the H2 and note that
|H2| ≤ m. Let A be the set of parts with blue edges to H2 and B be the set of parts with red
edges to H2. Without loss of generality, suppose that |A| ≥ |B|. Since |A|+ |B| ≥ 2n+2m+2,
we assume |A| ≥ n+m+ 1.
For each vertex x ∈ A, we claim that x has many incident red edges. Conversely, if x has
at least m+1 incident blue edges, then x along with an arbitrarily chosen vertex in H2 form
the centers of a blue copy of S(n,m), a contradiction. Thus, each vertex x must have at most
m incident blue edges. Since green edges can exist only within parts of the Gallai partition,
each vertex x ∈ (A ∩Hi) has at least ℓ− (m+ |Hi|) incident red edges.
To avoid a blue copy of S(n,m) within A, there must exist (at least) two parts, say Hi
and Hj, such that the edges from Hi to Hj are red. Choose u ∈ Hi and v ∈ Hj. Since r = 1,
we have |Hi| ≤ m or |Hj | ≤ m and in either case, |Hi|, |Hj | ≤ n. Then there are at least
(n+m+ 1) red edges incident to u and to v. Then there is a red S(n,m) centered at u and
v, a contradiction.
Case 5. t ≥ 4 and r = 2.
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From the minimality of t, there exists a (small) part Hj with 3 ≤ j ≤ t such that the
edges from Hj to H1 are red and the edges from Hj to H2 are blue since otherwise H1 and
H2 could be merged into a single part of the partition. To avoid a monochromatic copy of
Km+1,n+1 (and therefore S(n,m)), |H1| ≤ n and |H2| ≤ n. Let A be the set of parts with
blue edges to Hj and B be the set of parts with red edges to Hj. Without loss of generality,
suppose that |A| ≥ |B|. Since |A| + |B| ≥ 2n + 2m + 2, we have |A| ≥ n +m + 1. Since A
satisfies the same properties as in the previous case, the proof is complete.
Next, we give the lower bound of grk(K3 : S(n,m)) for k ≥ 4.
Lemma 2.2. Let n,m be two integers with n ≥ m. For k ≥ 4, we have
grk(K3 : S(n,m)) ≥
{
5 · n2 +m(k − 3) + 1 if n is even,
5 · n−12 +m(k − 3) + 2 if n is odd.
Proof. We prove this result by inductively constructing a coloring of Kℓ where
ℓ =
{
5 · n2 +m(k − 3) if n is even,
5 · n−12 +m(k − 3) + 1 if n is odd.
which contains no rainbow triangle and no monochromatic copy of S(n,m). Let G3 be the
complete graph of order {
5 · n2 if n is even,
5 · n−12 + 1 if n is odd.
with three colors 1, 2, 3 provided by Lemma 2.1.
Let Xm be a clique of order m with color 1. For each i with 4 ≤ i ≤ k, we let Gi be a
clique obtained from Gi−1 by adding a copy of Xm and adding the edges from Xi to Gi−1
with color i.
This coloring clearly contains no rainbow triangle and, since there is no vertex with degree
at least n + 1 adjacent to a vertex with degree at least m+ 1 in the new color, there can be
no monochromatic copy of S(n,m), completing the construction.
We now prove the exact value of grk(K3 : S(n,m)) for k ≥ 4.
For this result, we recall a theorem of Gya´rfa´s and Simonyi.
Theorem 2.1 ([9]). In every Gallai coloring of Kn, there is a vertex with degree at least
2n
5
in one color.
Proposition 2.2. For k ≥ 4, if n ≥ 6m+ 5, then we have
grk(K3 : S(n,m)) =
{
5 · n2 +m(k − 3) + 1 if n is even,
5 · n−12 +m(k − 3) + 2 if n is odd.
Proof. Let G be a coloring of Kℓ where
ℓ =
{
5 · n2 +m(k − 3) + 1 if n is even,
5 · n−12 +m(k − 3) + 2 if n is odd
containing no rainbow triangle and no monochromatic copy of S(n,m).
Let T be a largest set of vertices in V (G) with the properties that:
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• each vertex in T has all one color on its edges to G \ T , and
• |G \ T | ≥ n+ 1.
For each color i with 1 ≤ i ≤ k, let Ti be the set of vertices in T with color i on their
edges to G \ T . Then in order to avoid a monochromatic copy of Km+1,n+1 (and therefore a
monochromatic copy of S(n,m)), we immediately see that |Ti| ≤ m and so |T | ≤ km.
Let G′ = G \ T . Since |G′| ≥ |G| − km ≥ 5n2 − 3m ≥ n+m+ 1, no vertex in G′ can have
at least m incident edges within G′ in a color i with Ti 6= ∅ to avoid a monochromatic copy
of S(n,m) in color i. More generally, we have the following fact.
Fact 1. Each vertex of G′ has a total of at most m incident edges in any color i where Ti 6= ∅.
By Theorem 1.1, there is a Gallai partition of V (G′), say with red and blue available for
edges between the parts. By the maximality of |T |, there can be no single part Hi of this
Gallai partition such that G′ \Hi has red edges to at most m vertices of Hi and blue edges
to at most m vertices of Hi.
Claim 11. The total number of subsets Ti of T is at most k − 2.
Proof. Suppose, to the contrary, that there are at least k − 1 colors appearing on edges from
T to G′.
First suppose that there are k colors appearing on edges from T to G′. Since |G′| ≥
n+m+1, by Theorem 2.1, there is a vertex with degree at least 2(n+m+1)5 ≥ m, a contradiction.
Next, suppose there are exactly k − 1 colors appearing on edges from T to G′ and let red
be the color not appearing. This means that |G′| ≥ 5 · n2 − 2m ≥ 2n+ 1. Using Theorem 2.1,
there is a monochromatic star but it may (and in fact must) be red. If the Gallai partition of
G′ has only two parts, the edges between the parts must then be red. Since |G′| ≥ 2n+1, one
of these parts has order at least n+ 1, meaning that the other part must have order at most
m to avoid making a monochromatic copy of Km+1,n+1. We can then move the smaller part
to T , contradicting the maximality of |T |, a contradiction. Thus, we may assume that the
Gallai partition of G′ has at least 4 parts and two colors appearing on the edges in between
the parts. More specifically, since the partition uses the smallest number of parts, both colors
must appear on edges incident to vertices in each part. Perhaps one of these colors is red but
let blue be one of these colors that is not red. Since blue appears on edges between T and
G′, no vertex in G′ can have more than m incident blue edges, meaning that all parts of the
partition of G′ have order at most m− 1. More generally, every vertex in G′ has at most m
incident blue edges, at most m− 2 incident edges of colors other than blue or red (inside the
parts of the Gallai partition), and so at least |G′| − 2m ≥ n+m+ 2 incident red edges. Any
choice of two vertices in G′ with a red edge between them forms the centers of a red copy of
S(n,m), a contradiction to complete the proof of Claim 11.
If |G′| ≥ 5n2 + 1, then since the proof of Proposition 2.1 does not use edges inside the
parts, we may apply the same arguments to obtain a monochromatic copy of S(n,m). Thus,
suppose 5n2 − m ≤ |G′| ≤ 5n2 in particular, this means that there are k − 2 subsets Ti of T
and red and blue, the two colors appearing between parts of the Gallai partition of G′, are
the two colors not represented in T .
By Fact 1, for any vertex x ∈ V (G′), the number of edges incident to x with color other
than red or blue is at most m−1. Let v ∈ V (G′) and suppose, without loss of generality, that
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v has at least as many incident red edges as blue. Since n ≥ 6m+5, v has at least n+m+1
incident red edges, say with corresponding vertices v1, v2, . . . , vn+m+1.
Claim 12. For any vi with 1 ≤ i ≤ n+m+1, the total number of red edges incident to vi is
at most m.
Proof. Assume, to the contrary, that there exists a vertex vj with at least m+1 incident red
edges. Then these edges along with the edge vvj and n other (disjoint) red edges from v form
a red copy of S(n,m), a contradiction.
From Claim 12, for any vi with 1 ≤ i ≤ n+m+1, the number of blue edges incident to vi
in G′ is at least 2n + 3. Choose two such vertices, say vi, vj , such that the edge vivj is blue.
Then there is a blue copy of S(n,m) centered at vi and vj , a contradiction to complete the
proof.
3 Proof of Theorem 1.6
For general n ≥ m ≥ 1, we have the following result.
Proposition 3.1. Let n,m, k be three integers with n ≥ m ≥ 1, k ≥ 3. Then
grk(K3 : S(n,m)) ≥
{
max{5 · n2 , n+ 2m+ 1}+m(k − 3) + 1 if n is even,
max{5 · n−12 , n+ 2m+ 1} +m(k − 3) + 2 if n is odd.
Proof. From Theorem 1.3, we have R(S(n,m), S(n,m)) ≥ n+ 2m+ 2. Let F2 be a complete
graph of order n+2m+1 containing neither copy of S(n,m) with color 1 nor copy of S(n,m)
with color 2.
We prove this result by inductively constructing a coloring of Kℓ where
ℓ =
{
n+ 2m+ 1 +m(k − 3) if n is even,
n+ 2m+ 1 +m(k − 3) + 1 if n is odd.
which contains no rainbow triangle and no monochromatic copy of S(n,m).
Let X be the clique of order m colored with color 1. For each i with 3 ≤ i ≤ k, let Fi be
a clique obtained from |Fi−1| by adding a copy of X and adding the edges from X to Fi−1
with color i. This coloring clearly contains no rainbow triangle and no monochromatic copy
of S(n,m), completing the construction.
Proposition 3.2. Let n,m, k be three integers with n ≥ m ≥ 1, k ≥ 3. If n ≤ 6m+ 6, then
grk(K3 : S(n,m)) ≤
{
2n+m(k + 3) + 8 if n is even,
2n+m(k + 3) + 9 if n is odd.
Proof. Let G be a coloring of Kℓ where
ℓ =
{
2n+m(k + 3) + 8 if n is even,
2n+m(k + 3) + 9 if n is odd.
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First suppose that k = 3 so G is a coloring of Kℓ where
ℓ =
{
2n+ 6m+ 8 if n is even,
2n+ 6m+ 9 if n is odd
with no rainbow triangle and suppose, for a contradiction, that G contains no monochromatic
copy of S(n,m). Since G contains no rainbow triangle, it follows from Theorem 1.1 that
there is a Gallai partition of V (G). Suppose red and blue are the two colors appearing in this
partition and let green be the third available color. Let H1,H2, . . . ,Ht be the parts in this
partition and choose such a partition so that t is minimized.
Claim 13. For each part Hi of Kℓ, |Hi| ≤ m or |Hi| ≥ n+ 1.
Proof. Suppose that there exists one part, say Hj, and m+1 ≤ |Hj| ≤ n. Let A be the set of
parts with red edges to Hj, and B be the set of parts with blue edges to Hj. Without loss of
generality, suppose |A| ≥ |B|. Since |A|+ |B| ≥ (2n+ 6m+ 8)− n ≥ 2n+ 1, we may assume
that |A| ≥ n+ 1. Then the red edges between A and H yield a red copy of Kn+1,m+1, which
contains a red copy of S(n.m), a contradiction.
If 2 ≤ t ≤ 3, then by the minimality of t, we may assume t = 2, say with corresponding
parts H1 and H2. Suppose the edges between H1 and H2 are red. Without loss of generality,
we assume |H1| ≤ |H2|. If |H1| ≥ n+1, then there is a red monochromatic copy of S(n,m), a
contradiction. From Claim 13, we have |H1| ≤ m. To avoid a monochromatic copy of S(n,m),
for each x ∈ H2, the total number of red edges incident to x is at most m. Then the number
of blue and green edges incident to x is at least 2n + 5m+ 7. Without loss of generality, we
assume that the number of blue edges incident to x is at least 2n+5m+72 ≥ n + 2m + 1. Let
x1, x2, . . . , xn+2m+1 be neighbors of x by these blue edges. In order to avoid creating a blue
copy of S(n,m), for each xi, the total number of blue edges incident to xi is at most m, and
hence the number of green edges incident to xi is at least 2n + 4m + 7. We can then easily
find a green copy of S(n,m) centered at two of these vertices, a contradiction.
Thus, we may assume that t ≥ 4. Let r be the number of parts of the Gallai partition so
|Hi| ≥ n+1 for each i with 1 ≤ i ≤ r. Call such parts large and all remaining parts (of order
at most n, and therefore at most m by Claim 13) small. In order to avoid a monochromatic
copy of S(n,m), we immediately have r ≤ 1.
Case 1. r = 0.
By Claim 13, every part has order at most m. Let A be the set of parts with blue edges to
H1 and B be the set of parts with red edges to H1. Without loss of generality, suppose that
|A| ≥ |B|. Since |A|+ |B| ≥ 2n+5m+ 8, we may assume that |A| ≥ n+2m+ 4. In order to
avoid a blue copy of S(n,m), there exist two parts within A, say Hi,Hj, such that the edges
from Hi to Hj are red. Choose u ∈ Hi and v ∈ Hj. There are at most m blue edges incident
to u and at most m blue edges incident to v since otherwise one of these vertices along with
a vertex of H1 would form the centers of a blue copy of S(n,m). Furthermore, there are at
most m− 1 green edges incident to u and v, and so there are at least 2n+ 4m+ 7 red edges
incident to u and at least 2n+4m+7 red edges incident to v. This means there is a red copy
of S(n,m) centered at u and v, a contradiction.
Case 2. r = 1.
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Let H1 be the (unique) large part and let A be the set of parts with blue edges to H1 and
B be the set of parts with red edges to H1. Since |H1| ≥ n+1, in order to avoid a red or blue
copy of S(n,m), we have |A| ≤ m and |B| ≤ m, and hence |H1| ≥ 2n+ 4m+ 8. Since A and
B are both nonempty (since t ≥ 4), the following fact is immediate.
Fact 2. For each vertex x ∈ H1, the total number of blue or red edges incident to x is at most
m.
From Fact 2, for each vertex x ∈ H1, the number of blue or red edges incident to x is at
most m. Thus, the number of green edges incident to x is at least 2n+4m+7. Choosing any
green edge xy withinH1, this edge forms the center of a green copy of S(n,m), a contradiction.
Now we may assume that k ≥ 4.
As in the proof of Proposition 2.2, let T be a largest set of vertices in V (G) with the
properties that:
• each vertex in T has all one color on its edges to G \ T , and
• |G \ T | ≥ n+ 1.
For each color i with 1 ≤ i ≤ k, let Ti be the set of vertices in T with color i on their
edges to G \ T . Then in order to avoid a monochromatic copy of Km+1,n+1 (and therefore a
monochromatic copy of S(n,m)), we immediately see that |Ti| ≤ m and so |T | ≤ km.
Let G′ = G \ T . Since
|G′| ≥ ℓ− km ≥ [2n +m(k + 3) + 8]− km ≥ 2n+ 3m+ 8,
no vertex in G′ can have at least m incident edges within G′ in any color i with Ti 6= ∅ to
avoid a monochromatic copy of S(n,m) in color i. More generally, we have the following fact.
Fact 3. Each vertex of G′ has a total of at most m incident edges in any color i where Ti 6= ∅.
By Theorem 1.1, there is a Gallai partition of V (G′), say with red and blue available for
edges between the parts. By the maximality of |T |, there can be no single part Hi of this
Gallai partition such that G′ \Hi has red edges to at most m vertices of Hi and blue edges
to at most m vertices of Hi. This leads to the following analogue of Claim 11
Claim 14. The total number of subsets Ti of T is at most k − 2.
Proof. Suppose, to the contrary, that there are at least k − 1 colors appearing on edges from
T to G′.
First suppose that there are k colors appearing on edges from T to G′. Since |G′| ≥
2n + 3m + 8, by Theorem 2.1, there is a vertex with degree at least 2(2n+3m+8)5 ≥ m, a
contradiction to Fact 3.
Next, suppose there are exactly k − 1 colors appearing on edges from T to G′ and let red
be the color not appearing. This means that |G′| ≥ 2n+4m+8 ≥ 2n+1. Using Theorem 2.1,
there is a monochromatic star but it may (and in fact must) be red. If the Gallai partition of
G′ has only two parts, the edges between the parts must then be red. Since |G′| ≥ 2n+1, one
of these parts has order at least n+ 1, meaning that the other part must have order at most
m to avoid making a monochromatic copy of Km+1,n+1. We can then move the smaller part
to T , contradicting the maximality of |T |, a contradiction. Thus, we may assume that the
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Gallai partition of G′ has at least 4 parts and two colors appearing on the edges in between
the parts. More specifically, since the partition uses the smallest number of parts, both colors
must appear on edges incident to vertices in each part. Perhaps one of these colors is red but
let blue be one of these colors that is not red. Since blue appears on edges between T and
G′, no vertex in G′ can have more than m incident blue edges, meaning that all parts of the
partition of G′ have order at most m− 1. More generally, within G′, every vertex in G′ has
at most m− 1 incident blue edges, at most m− 2 incident edges of colors other than blue or
red (inside the parts of the Gallai partition), and so at least |G′| − (2m− 2) ≥ 2n+ 2m+ 10
incident red edges. Any choice of two vertices in G′ with a red edge between them forms the
centers of a red copy of S(n,m), a contradiction to complete the proof of Claim 14.
Let v be a vertex of G′ and suppose v has at least as many incident red edges (within
G′) as blue edges. Then v has at least ℓ−(k−2)m2 ≥ n + 2m + 4 incident red edges, say with
corresponding vertices v1, v2, . . . , vn+2m+4. The following fact is an easy analogue of Claim 12.
Fact 4. For any vi with 1 ≤ i ≤ n+m+ 1, the total number of red edges incident to vi is at
most m.
From Fact 4, for any vi with 1 ≤ i ≤ n+ 2m+ 4, the number of blue edges incident to vi
in G′ is at least 2n + 4m+ 8. Choose two such vertices, say vi, vj , such that the edge vivj is
blue. Then there is a blue copy of S(n,m) centered at vi and vj, a contradiction to complete
the proof.
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